
14 X-RAY TOPOGRAPHY OF BENT CRYSTALS 

The authors are greatly indebted to I. L. Shulpina 
and E. V. Suvorov for the experimental topographs 
placed at their disposal. 

References 

ANDO, Y. & KATO, N. (1970). J. Appl. Cryst. 3, 74-89. 
BALIBAR, F., CHUKHOVSKII, F. N. & MALGRANGE, C. (1983). 

Acta Cryst. A39, 387-399. 
BLECH, I. A. & MEIERAN, E. S. (1967). J. Appl. Phys. 38, 2913- 

2919. 
BONSE, U. (1964). Z. Phys. 117, 385-423. 
CHUKHOVSKII, F. N. (1974). Kristallografiya, 19, 482-488. 
CHUKHOVSKII, F. N. (1981). Metallofizika, 3, 3-30. 
CHUKHOVSKII, F. N., GABRIELYAN, K. T. & PETRASHEN', P. 

V. (1978). Acta Cryst. A34, 610-621. 
CHUKHOVSKII, F. N. & PETRASHEN', P. V. (1977). Acta Cryst. 

A33, 311-319. 
GRONKOWSKI, J. & MALGRANGE, C. (1984). Acta Cryst. A40, 

507-522. 

HART, M. (1966). Z. Phys. 189, 269-291. 
KATO, N. (1964). J. Phys. Soc. Jpn, 19, 971-985. 
KHRUPA, V. I., KISLOVSKII, E. N. & DATZENKO, L. I. (1980). 

Metallofizika, 2, 55-59. 
KUSHNIR, V. I., SUVOROV, E. V. & MUKH1N, K. Yu. (1980). fiz. 

Tverd. Tela, 22, 2135-2143. 
MALGRANGE, C. (1969). Acta Cryst. A25, 356-363. 
PENNING, P. (1966). Philips Res. Rep. Suppl. 21, 1-113. 
PETRASHEN', P. V. (1973). Fiz. Tverd. Tela, 15, 3131-3132. 
PETRASHEN', P. V. (1976). Fiz. Tverd. Tela, 18, 3729-3731. 
PETRASHEN', P. V. & CHUKHOVSKll, F. N. (1975). Zh. Eksp. 

Teor. Fiz. 69, 477-487. 
PETRASHEN', P. V., CHUKHOVSKII, F. N. & SHULPINA, 1. L. 

(1980). Acta Cryst. A36, 287-295. 
PETRASHEN', P. V. & YAROSLAVSKAYA, N. S. (1981). Phys. Status 

Solidi A, 68, KI5-K19. 
SHULPINA, I. L., PETRASHEN', P. V., CHUKHOVSKI1, F. N. 8/. 

GABRIELYAN, K. T. (1984). Tezisi Dokl. IV. Vsesoyuz. Sovetch. 
Defecti Strukturi v Poluprovodnikakh, Novosibirsk 23-25 
Oktyabr 1984, part 2, p. 114. (In Russian.) 

Acta Cryst. (1988). A44, 14-17 

A Rigorous Treatment of the Asymptotic Development of the Probability Density of a 
Structure Factor in P1 

BY J. BROSIUS 

Universitd du Burundi, Ddpartement de Mathdmatiques, BP 2700, Bujumbura, Burundi 

(Received 4 November 1986; accepted 1 June 1987) 

Abstract 

It is shown that an asymptotic development up to 
order N-2 exists for the density of the structure factor 
in P1. An upper bound for the error is calculated. 

1. Definitions 

We shall consider the centrosymmetric case P]. For 
N equal atoms and reciprocal-lattice vector h, 

Eh=(2/N 1/2) Y, cos(2rrrj.h) (n= N/2) 
j= l  

is the normalized structure factor. Now let 
X l ,Xz , . . . , xn  (n = N/2) be n vectors that are dis- 
tributed independently and uniformly over the unit 
cell and consider the random variable 

/~h=2N -1/2 ~ cos(27rxj.h) ( n = N / 2 ) .  (1) 
j= l  

Let us denote by E ~p,,(E) the probability density of 
the random variable Eh. 
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2. Theorem 

I P(E)  - (27r)-~/2[exp ( -  E2/2)]{ 1 -(1/8N)H4(E) 

+(1/N2)[+(1/18)H6(E)+(1/128)Hs(E)]}]  

-<[8/N3(27r) 1/2](15.2 + 22.7/N + 195.52/N 2 

+11217-28 /N 3) 

oo 
+(N'/2/R'rr)[Jo(1)] 'N/2)-4 J" ]Jo(X) ] 4 dx 

1 

+ ( Nl/2/2 rr) S exp (-  Nu2/ 8) du (2) 
! 

where 

Ha(E) = E4-6E2+3 

H6(E) = E 6 - 1 5 E 4 + 4 5 E  2-15 

Hs(E) = E8-28E6+210E4-420E2+ 105. 
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3. Proof  

One readily verifies that the characteristic function 
of Eh is given by 

q~(t)=Jo[(2/n)l/2t] n (n= N/2) (4) 

where t is real and Jo is the Bessel function of order 
0. Using equation (A1) of the Appendix, we obtain 

1 t2d_ 1 t4 - 1 t 6 + . . .  ( 5 )  
~( t )=  1-2--- ~ 16n2 8 ×62n4 

Next define the function 0 by 

1 1 ~(t) = --½t 2 -  t 4 -  t 6 . (6) 
16n 72n 2 

Define the function g by 

g(t) = exp (-½t 2) 

[ 1 1 )] 
× 1-16---~ n 2 -7 -2  t6+- - - -~2× ts " (7) 

Define the functions (u, t)->q~(u, t) and (u, t)-> 
6(u, t) by 

r,p(U, t)=--~6ut4--~u2t 6 

6(u,t)=exp[¢(u,t)] 

--[1---~66ut4q-u2(--ll-t6-F1----1-----t8)] " 7 2  2 x 16 2 (8) 

Since dm6(u, t)/du m l u=o = 0 for m = 0, 1, 2, one has, 
using (A2) for positive u, 

~(u, t)l<-(u3/3!) sup la36(a, t)/aa31 
O<_a<_u 

<_(u3/3!) sup ID~exp[,p(a,t)]l (9) 
O~_a~_u 

(where Da-  O/Oa). Hence one has 

u3[ 1 1o 1 tl 2 
]6(u, t) <--~! 12x 16 t +-i--6-: 

+ ~ + 12 x 36 t~2 

t 16 + t TM 

16x 12x36 \163 

(u_>O). (10) 

Insertion of u = 1/n in (10) gives 

lexp [~0(t)] - g ( t ) [ -  < [exp (-½t2)] 

1 [" t ~° t 12 

x 3.~n 3 / L 12x16 + 16 --3 
1 (  / 14 t12 ~ 

+-- 
n 162x 12 12X36/ 
1 t 16 1 t181 

+n-- 5 16× 12x36+n--3 163]" (11) 

For Itl<-2(n/2) 1/2 one defines 

h(t)=nlogJo[(2/n)'/2t]-q,(t). (12) 

Clearly Dmh(O) =0 for m =0, 1 , . . . , 7 ;  and so 

DSh(t)=~3DSlogJo[(2/n)l/2t] for t < (2n)  1/2 

Now one verifies that DSh(t) <- 0 for It I--- (n/2) 1/2 
Thus we can state, for I t <(n/2) ~/2, 

I ~o(t)- exp [@(t)]l 

= I{exp [ h ( t ) ] -  1} exp [ 0(t)]l 

< lh ( t )  exp [0(t)] 

16t s 
<STn3 sup IDSlogJo[(2/n)l/2u][exp(-½t2). 

• O<_u<_t 

(13) 

An inspection of D s log Jo(x) reveals that 

sup IDSlogJo[(2/n)l/2u][<--333 
O ~ _ u < t  

for It[<-(n/2) 1/2. 
Hence (13) becomes 

q~(t)-exp [0(t)] <-(16×333/8!n3)t s exp (-½t 2) 

if It <(n/2) 1/2. (14) 
So, finally, 

I P(E)-(2.a-) 1/2 exp ( -E2/2)  

x 1-8--~ H4(E) 

+--~2 [ +aH6( E) + I-~Hs( E)]} 

+oo 

<-(1/2~) [ [,p(t)-exp[,p(t)] dt 
--o0 

+CO 

+(1/2"rr) ~ lexp[qJ(t)]-g(t) dt 
-co 

<- (1/2"n') ~ [q~(t)-exp[O(t)]ldt 
I t l < _ ( n / 2 )  I/2 

+(1/2~)l,l.(J/2~,, 2 ~(t) dt 

+ (1/2-a') I exp[O(t)]dt 
I t l ~ _ ( n l 2 )  t /2 

+oo 

+(1/2~r) ~ [exp[6(t)]-g(t) dt. (15) 
--OO 

If we substitute (11), (14) and (A3) in (15), we obtain 
(2), after observing that Jo(x)<-Jo(1) for x_> 1. 

4. Discussion 

Let us recall that the zeroth-order approximation was 
first discovered by Wilson (1949, 1950) and the 
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asymptotic expansion was first derived by Karle & 
Hauptman (1953). The present theorem, however, 
shows in a mathematically rigorous way that an 
asymptotic development up to order N -2 exists for 
the density P of a structure factor in P1. 

Let us consider the result in more detail. To this 
end let us put 

Pca,c(E) = (27r) -1/2 exp (-½E2){1-(1/8N)H4(E) 

+(1/NZ)[~H6(E)+~-3~H8(E)]}, (16) 

eN = [8/N3(27r) 1/2](15.2 + 22-7 /N 

+ 195"52/NZ+ 11 217.28/N 3) 

+(N1/2/Zqr)[Jo(1)](N/2)-4 ~lJo(x ) 4 dx 
I 

o o  

+(N1/2/ZTr) ~ exp(-NuZ/S) du. (17) 
1 

Then the theorem asserts that [since P(E)>-0] 

max[Pca,¢(E)--SN, O]<-P(E)<--Pca,¢(E)+eN (18) 

for every value of E, where max(x, y) denotes the 
greater value of the two numbers x and y. That is, 
the calculated function Pcat~ approximates the true 
density function P uniformly within an error es. 
Moreover eN-~O as N-->co. For N = 10, 20, 30, 50 
and 100, one obtains e~o_<0.17, e2o_<0.028, e3o < _ 
0.014, e5o-<9 x 10 -4 and eloo--- 5 x 10 -5, respectively. 
Relation (18) is shown graphically in Fig. 1 for N = 
10, 20 and 30. The graph of the true density E -~ P(E) 
lies in the shaded region containing the curve E-~ 
Pcalc(E). It may be noted that this region becomes 
narrower with increasing N. 

A P P E N D I X  
CO 

Jo(x)= 2 (-¼xZ)k/(k!) z. (Al l  
k=0 

Let f be a complex-valued function defined on an 
open set U of the real line, having continuous deriva- 
tives Dkf for k =  1, 2 , . . . ,  n. 

Let x, x + h e U. Then 

n - - I  

f ( x + h ) = f ( x ) +  ~ (hk/k!)Dkf(x) 
k = l  

1 

+[h" / (n -  1)!] I ( 1 - 0 )  "-1D"f(x + Oh) dO 
o 

(A2) 
+ c o  

x 2" exp(-½x2) dx=(2n-1)!!(27r) '/2 (A3) 
--CO 

-+-oo 

(27r)- '/z ]" ( iu)"exp(-½uZ-iux)du 
- o o  

= H.(x) exp (-½x z) (A4) 

0"£~ P(E) 

/ / 1 ~  
/ /" I /.~ 

/, I\ 
i '  

.... .J! i 
/ ! / 0 1 \  I I/I / 

--3 -2 -1 0 

P(E) 

\ 

~ -  P=Io(E) , 

2 E 3  

0.~ ? 

-3 

(a) 

-2 -1 0 1 2 E 3 

(b) 

0.4 

0.3 

0"2 

-3 -2 -1 

P(E) 

0 ~1 2 E3 

(c) 

Fig. 1. Graphical representation of equation (17) for (a) N = 10, 
(b) N = 2 0 ,  and (c) N = 3 0 .  
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Hn+l(x)=xHn(x)-nHn_l(X) (n_> l )  (A5) 

Ho(x)= l and Hl(X)= X (A6) 

DkJo(X) = 2-k[ J-k(X) -- ( ~)J-k+z(X) 

+(~)J_k+4(X)+. . .+( - -1 )kJk (X)] .  (A7) 

Calculation of DS[log Jo(X)] 

Substituting a ,  (x) = J ,  (x) /Jo(x)  for Ix[ -< 2 one 
obtains 

Ds[ log Jo(x) ] = - 5040[ a l (x) ]8 _ 5040[ a l (x) ] 6 

x {2[ 1 - c~2(x)]-[  1 - ½o~3(x)/al(x)]} 

- [a , (x ) ]4{6300[1  - a2(x)] 2 

- 5040[ 1 - a2(x) ] 

x [ 1 - ½ce3(x)/a,(x)] 

- 6 3 0 [  1 -~az(x) + 31-01~4(X)] 

+ 945[ 1 - ½a3(x)/al  (x)] 2 

+ 210[ 1 - ½o~3(x)/ai(x) 

+?oo~(x)/ ,~i(x)]} 
- [  a~(x) ]2{ lZ60[1- a2(x) ] 3 

-945 [1  - a2(x)] 2 

x [1-½a3(x)/eel(X)] 

- 472.5[1 - ce2(x)] 

x [ 1 - 4012(x) + ½0~4(X)] 

+ 157.5[1 - c~2(x)] 

x [1-½a3(x)/a,(x)]2 

+ 1 0 5 [ 1 -  a2(x)] 

x [1-½,~3(x)/ ~,(x) 

+~5(x)l,~,(x)] 
+ 157"5[1-½a3(x)/ai(x)] 
x [ 1 -4ce2(x)+ log4(x) ] 

+ 17.5[1-3az(X)+3a4(x) 

-- 1-~O~6(X)] 

- 26.25[1 -]a3(x)/a,(x)] 

X [1--1Ot3(X)/ Otl(X) 

+~,(x)/~i(x)] 
-4 -375[  1 - 3ce3(x)/oe, (x) 

+ ~ ( x ) /  ~ , (x ) -~7(x) /  ,~,(x)]} 

-{39-375[1 - a2(x)] 4 

- 39.375[ 1 - a2(x)]2[ 1 - 4az(X) 

+ 10~4(X)] 

+ 4 . 9 2 1  875[ 1 - 4c~2(x) + ½ce4(x)] 2 

+4-37511 - az(x)]  

x [ 1 - 3a2(x) + 30~4(X) -- I-~O~6(X)] 

- 0 . 2 7 3  437 5[1-8a2(x)+4O~a(X) 

-- 80t~6(X) + 10/8(X) ] } • 
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A b s t r a c t  

The phase-related asymmetry  effect near  a multi- 
beam excitation point  has been observed for a non- 
centrosymmetr ic  organic crystal, benzil  (C14Hlo02) ,  
by using 3.5 keV X-ray synchrotron radiation.  A 
mul t i -beam theoretical calculat ion shows good agree- 
ment with the exper imental  data when mosaic  spread 

0108-7673/88/010017-05503.00 

of the crystal is taken into account. A practical  method 
to extract the cosine of  the phase triplet for noncen-  
t rosymmetr ic  crystals is also discussed. 

I n t r o d u c t i o n  

It has been recognized that mul t i -beam X-ray diffrac- 
tion, especially the concept  of  virtual Bragg scattering 
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